
Nonlocal incoherent white-light solitons in logarithmically nonlinear media

Ming Shen,* Qi Wang, Jielong Shi, Yuanyuan Chen, and Xinglin Wang
Department of Physics, Shanghai University, 99 Shangda Road, Shanghai 200444, People’s Republic of China

�Received 11 March 2005; revised manuscript received 2 June 2005; published 10 August 2005�

The propagation properties of white-light solitons in spatially nonlocal media with a logarithmically non-
linearity are investigated theoretically. The existence curve of the stationary nonlocal incoherent soliton is
obtained and the coherence characteristics of the soliton are also described. The evolution behaviors of the
nonlocal white-light soliton are discussed in detail by both approximate analytical solution and numerical
simulation when the solitons undergo periodic oscillation.
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I. INTRODUCTION

The propagation of incoherent solitons in noninstanta-
neous nonlinear media has drawn considerable attention in
the past decade �1–16�. Experiments on incoherent solitons
�1,2� have initiated a great deal of theoretical research on
understanding solitons made from incoherent light. In recent
years, fully incoherent white-light solitons were investigated
theoretically by both numerical methods �12� and the mutual
spectral density method �11,13,14�. Last year, spontaneous
pattern formation of white-light solitons was also studied
experimentally �15�.

Most recently, the propagation of optical beams in nem-
atic liquid crystals has attracted great interest. A liquid crys-
tal has a strong noninstantaneous nonlinearity response
which is sufficiently slow to allow for formation of both
coherent and incoherent solitons �17–19�. Another interesting
property of liquid crystal is inherent spatially nonlocality
�20�, which is a key feature associated with light-induced
molecular orientation �19,21�.

Spatially nonlocal nonlinearity is a universal phenomenon
of many physical systems especially in the propagation of
nonlinear optical beams and soliton formation. After the pio-
neering work on self-focusing and filamentation in capillar-
ies by Braun �22�, experiments on optical solitons in liquid
crystal have been reported extensively, e.g., formation of
multiple solitons �23�, accessible solitons �24�, the modula-
tion instability of solitons �25–27�, and discrete propagation
of solitons in nematic liquid crystal �28�. Solitons in nonlocal
nonlinear medium have been also discussed theoretically,
e.g., the collapse arrest of finite-size beams �29�, attraction
and formation of dark solitons �30�, modulation instability in
defocusing materials �31,32�, large phase shift of nonlocal
solitons �33�, quadratic solitons �34�, nonlocal nonlinear pho-
tonic lattices �35,36� and vortex solitons in nonlocal nonlin-
ear media �37,38�.

Recently Peccanti et al. reported the first observation of
incoherent solitons �17� and their interaction �18,19� in nem-
atic liquid crystals. Krolikowski et al. analyzed the effect of
nonlocality on the propagation of partially coherent beams
and formation of incoherent solitons theoretically �39�. In

this paper we discuss the propagation properties of tempo-
rally and spatially incoherent solitons �white-light solitons�
in nonlocal nonlinear media. Here we assume the nonlinear-
ity is of logarithmical type �40� because incoherent beams
propagate in both local �6,7,13� and nonlocal media �39� and
fully coherent beams propagate in nonlocal media �41� with
a logarithmically nonlinearity and have an exact analytical
stationary solution. We use mutual spectrum density theory
�11,13,14� to discuss the properties of simultaneous spa-
tiotemporal incoherence and nonlocality �to our knowledge,
this is the first time�. We obtain the existence curve and the
analytical expression of such nonlocal incoherent solitons.
This incoherent soliton has an elliptic Gaussian intensity pro-
file and elliptic Gaussian spatial correlation statistics. The
initial coherence characteristics of the beam and the proper-
ties of the medium �nonlinearity and nonlocality� decide the
propagation of the beam. When the soliton undergoes peri-
odic oscillation, we discuss the evolution behaviors of the
nonlocal white-light soliton by both approximate analytical
solution and numerical simulation.

II. WHITE-LIGHT SOLITONS IN LOGARITHMICALLY
NONLINEAR NONLOCAL MEDIA

The effective theory for treating the propagation of spa-
tially and temporally incoherent light is the so-called mutual
spectral density theory �11,13,14�. Consider a spatially and
temporally incoherent light beam �the light source used in
Ref. �2�� with the temporal power spectrum ��min ,�max�. The
propagation of the incoherent beam satisfies an integro-
differential equation �11,13,14�
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where k�=n0� /c is the wave vector and B��r1 ,r2 ,z� repre-
sents the mutual spectral density for all the frequency con-
stituents, which describes the correlation statistics between
the electric field values at two different spatial points upon
the transverse section of the beam �13�; the response of the
material is n2�I�=n0

2+2n0�n�I�, where n0 and �n�I� denote*Electronic address: shenmingluck@graduate.shu.edu.cn
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the linear and nonlinear parts of the refractive index. In non-
local nonlinear media we take the logarithmical nonlinear
refractive index change �n to be the following nonlocal func-
tion of light intensity �39�:

�n�r�,I� = n2ln�� F�r� − ���I����d��	 �2�

where

I�r,z� = 1/2��
0

�

d� B��r,r,z� �3�

denotes the time-averaged intensity; 
dr�=
−�
� 
−�

� dx dy ,n2
specifies the strength of the nonlinearity, and F�r��=F�r� is
the nonlocal response function, which depends only on the
spatial length. From Eq. �2� it is easy to show that the refrac-
tive index changed in a particular point in space is deter-
mined not only by the light intensity in this point, but also by
the intensity in a certain surrounding beyond this point asso-
ciated with the width of the response function. The width of
the nonlocal response function determines the degree of non-
locality �42�. In the limit of a singular response, F�r��=��r�,
the nonlinearity is a local function of the intensity �n
=n2ln�I�. In the limit of a strong nonlocality, i.e., when the
width of the response function is much broader than the in-
tensity profile of the beam, the medium should be treated as
a linear medium �41,43�.

In order to make an analytical description in a logarithmic
medium we assume that the nonlocality is described by the
normalized Gaussian response function �39�:

F�r� =
1

��2exp�−
x2 + y2

�2 � , �4�

where � is the degree of the nonlocality �34�. Also we as-
sume the nonlocal medium is isotropic.

For convenience we introduce new spatial coordinates r�
and �� ,

r� =
r�1 + r�2

2
, �� = r�1 − r�2, �5�

where the spatial vector r� and the vector �� are the midpoint
and difference coordinates of the mutual spectrum density in
the new system �13,44�.

Combining the above equations we obtain the nonlinear
propagation equation of fully incoherent beam in nonlocal
media,
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Since incoherent solitons propagating in logarithmical non-
linear medium maintain elliptic Gaussian intensity profiles
and elliptic Gaussian correlation for both local �5� and non-

local media �39�, we seek for the mutual spectral density of
the stationary Gaussian-Schell beam in the form �13�

B��r�,�� ,z = 0� = A��0� �
j=x,y

exp − � rj
2

2Rj
2�0�

+
� j

2

2Qj
2�0�

�,

j = x,y . �7�

Here A��0� denotes the spectral density of the light beam;
Rx�0� and Ry�0� denote the characteristic width of the spatial
soliton; Qx�0� and Qy�0� denote the initial effective coher-
ence radius for different frequency constituents which are
given by the relation �7,39�
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where rcj�0� is the initial coherence radius for every fre-
quency and Rj�0� is the initial width of the beam. Due to the
logarithmical form of the nonlinearity, the beam will main-
tain Gaussian statistics during the propagation process we
look for the general solution to Eq. �6� in the following form:

B��rx,�x,ry,�y,z� = A��z� �
j=x,y

exp�−
rj

2

2Rj
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−
� j
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2Qj
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+ irj� j	��z�� �9�

where A��z� and 	��z� denote the amplitude and the phase of
the mutual spectral density, respectively; Rj�z� and Qj�z� are
the width and effective coherence radius of the beam, respec-
tively. The initial conditions are A��0� ,Rj�0� ,Qj�0�, and
	��z=0�=0. Inserting Eq. �9� into Eq. �6�, we obtain a set of
ordinary differential equations for the parameters of the mu-
tual spectral density,
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From the first two equations �10� and �11� we obtain the
relation

Qj�z�/Rj�z� = Qj�0�/Rj�0� �14�

which shows that during the evolution the beam conserves its
coherence. The wider �narrower� the beam, the larger
�smaller� the coherence radius. Combining Eqs. �11� and �12�
gives the amplitude A��z�=Rj

2�0� /Rj
2�z�A��0�. It shows that

the amplitude of stationary solitons is not dependent on
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whether or not the nonlinearity is local. Finally, inserting Eq.
�13� into Eq. �11�,we obtain the evolution equation of the
incoherent beam,

d2Rj�z�
dz2 −

1

k�
2

Rj
2�0�

Rj
3�z�Qj

2�0�
+

n2

n0

Rj�z�
Rj

2�z� + �2 = 0. �15�

This equation describes the dynamics of the spatially and
temporally incoherent beamwidth in a nonlocal media with a
logarithmical nonlinearity. The dynamic is a process that
self-focusing induced by the nonlinearity compensate the
spreading induced by the incoherent diffraction and the non-
locality. If n2=0 or �→�, Eq. �15� describes the simple
diffraction of the white-light beam. When we take �=0, the
equation describes a white-light soliton in a local medium
�13�. If n2
0, this is a self-defocusing nonlinearity which
will enhance the natural spreading of the beam. Here we will
only concentrate on the focusing case with n2�0.

Nonlocal white-light soliton solutions are obtained from
Eq. �15� by setting Rj�z�=Rj�0�, which gives the relation

n2 =
n0

k�
2

1

Qj
2�0��1 +

�2

Rj
2�0�� . �16�

This relation shows that in order to get a stationary white-
light soliton, the initial effective coherence radius Qj�0�
should obey

Qj�0� =
1

k�

�n0

n2
�1 +
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2�0�� = Q̃j�0��1 +

�2

Rj
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,

�17�

Q̃j�0� = Qj�0��� = 0� =
c

��n0n2

=
�0

�
Q0, �18�

where Q0=c�0
−1 /�n0n2 and �0 denotes the central frequency

within the power spectrum. Quantities Qj�0� are determined
by the strength of the nonlinearity n2, the frequency �, the
linear index of refraction n0, the speed of light c, the width of
the beam Rj�0�, and the degree of the nonlocality �. From
Eqs. �17� and �18� we also know that trapping of a white-
light beam with a given nonlinearity n2 in a nonlocal medium
requires a larger effective initial coherence radius than that in
the case of a local nonlinear response. This is due to the fact
that the nonlocality effectively leads to a decrease of the
strength of focusing and subsequently weakens the localiza-
tion of the beam �39�.

From Eqs. �8� and �17�, it follows that the characteristic
widths of the white-light beam are connected with the spatial
correlation distances rcj�0�, the strength of the nonlinearity
n2, and the degree of the nonlocality � through

1

rcj�0�
=� �2n0n2Rj

2�0�
c2�Rj

2�0� + �2�
−

1

4Rj
2�0�

. �19�

Equation �19� is the existence curve for the white-light soli-
tons in a nonlocal medium with a logarithmical nonlinear
response. In the special case when �=0, our result correctly
reduces to the solution of white-light solitons in a local loga-

rithmical nonlinear medium previously obtained by Buljan
�13�.

Figure 1 shows the relation between the spatial correlation
distance and frequency as calculated from Eq. �19� for real-
istic parameter values. From the existence curve we find that
for stationary white-light solitons to exist in nonlocal me-
dium, the spatial correlation distance should larger for lower
frequencies and smaller for higher frequencies at a given
degree of the nonlocality �; the spatial correlation distance
should also increase with the increase of the degree of the
nonlocality.

This result can be explained as follows. A nonlocal spa-
tially incoherent solitons occurs when incoherent diffraction
and the decrease of the strength of focusing induced by the
nonlocality are exactly balanced by the nonlinearity. White-
light solitons are made up of many wavelengths; they are all
trapped within the same waveguide and have approximately
the same incoherent diffraction angle, �� /rcj �� is the
wavelength�, so we can obtain rcj �; i.e., the spatial corre-
lation distance of a white-light soliton is larger at lower fre-
quencies and shorter at higher frequencies �12�. In addition,
the nonlocality will weaken the localization of the beam, so
the initial coherence properties of the incident beam should
be larger than that in the local medium.

From Eq. �19�, it illustrates that for a nonlocal white-light
soliton to exist, the characteristic width must be larger than a
threshold value,

Rj�0� ��c2 + �c4 + 16n0n2c2�2�2

8n0n2�2 . �20�

Equation �20� should be satisfied for every frequency within
the spectrum. Consider the spectrum ��min ,�max�, where

FIG. 1. The spatial correlation distance deceases with the in-
crease of frequency for different degrees of the nonlocality. The
value of rcj�0� is calculated from Eq. �19� with the following pa-
rameters: n2=0.0003, n0=2.3,Rj�0�=10 �m, and �0=3.44
�1015 Hz, which corresponds to the wavelength of 547 nm in
vacuum.
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�min=�0�1−�� and �max=�0�1+��, where � denotes the
width of the spectrum, so if

Rj�0� ��c2 + �c4 + 16n0n2c2�2�0
2�1 − ��2

8n0n2�0
2�1 − ��2 �21�

Eq. �20� is satisfied for every frequency. This means that for
a nonlocal soliton to exist, the width of the beam should
exceed a value determined by the width of the temporal
spectrum �, the strength of the nonlinearity n2, and the de-
gree of the nonlocality �.

The spatial coherence properties of the soliton are de-
scribed in terms of the complex coherence factor at fre-
quency � �45�:

���r1,r2,z� =
B��r1,r2,z�

�B��r1,r1,z�B��r2,r2,z�
. �22�

The quantity ���r1 ,r2 ,z� is referred to as the spectral degree
of coherence at frequency �, or the complex degree of spa-
tial coherence at frequency �.

Combining Eqs. �7�, �17�, and �22�, we can obtain the
following relation

���rx,�x,ry,�y�

= �
j=x,y

exp�� 1

8Rj
2�0�

−
n0n2�2

2c2

Rj
2�0�

Rj
2�0� + �2�� j

2	 .

�23�

It is easy to see that the complex coherence function
���rx ,�x ,ry ,�y� depends only on the difference coordinates
� j at a given �. This means that the fluctuations of the light
that forms the soliton obey a stationary random process �45�.
Figure 2 shows the complex coherence factor ���x ,0� at
three representative frequencies �min ,�0, and �max for two
different degrees of nonlocality �=0 and 3�10−5.

We find that the spatial correlation distance is larger for
lower frequencies and smaller for higher frequencies, as can
be seen from the width of ���x ,0�; it is as same as the
conditions for white-light solitons to exist in a local medium
�12�. We also find that the spatial correlation distance in-
creases with the nonlocality. This is because the nonlocality
decrease the strength of beam focusing; the nonlocality is an
inherent property of the medium and it is difficult to control.
So to obtain a white-light soliton the coherence properties of
the incident beams must be enhanced over those in the local
medium.

The intensity profile of the stationary white-light soliton
can be obtained through Eq. �3�

I�x,y,z� = I0exp�−
x2

2Rx
2�0�

−
y2

2Ry
2�0�� , �24�

where I0 is the peak intensity of the beam. We can see that
the spatial intensity profile maintains the Gaussian elliptic
profile and the intensity is independent of the nonlocality for
a stationary white-light soliton.

In this section, we discuss the temporally and spatially
incoherent solitons �white-light solitons� in a nonlocal me-
dium with a logarithmic nonlinearity. We find an analytic
solution representing such incoherent solitons. This incoher-
ent soliton has an elliptic Gaussian intensity profile and el-
liptic Gaussian spatial correlation statistics. The existence
curve of the soliton connects the strength of the nonlinearity,
the spatial correlation distance, the characteristic width of the
soliton, and the degree of the nonlocality. For white-light
solitons to exist, the spatial correlation distance should be
larger at lower frequencies and shorter at higher frequencies.
The initial coherence properties should be larger in a nonlo-
cal medium than in a local medium.

III. STABILITY AND PERIODIC OSCILLATION
OF NONLOCAL WHITE-LIGHT SOLITON

In this section, we discuss the evolution properties of the
nonlocal white-light solitons that are both stable and undergo
periodic oscillation. In the above section, we have obtained
the existence curve for stationary nonlocal white-light soli-
tons to exist �see Eq. �7� and �19�� and we believe the soliton
is stable. Here we will use the approaches from Refs. �7� and
�13� for incoherent solitons in a local logarithmic medium to
discuss the stability and periodic oscillation of the nonlocal
white-light soliton. We assume that the mutual spectral den-
sity is slightly different from the Eq. �9� �13�

B��rx,�x,ry,�y,z� = A��z� �
j=x,y

exp�−
rj

2

2Rj
2�z�

−
� j

2

2qj
2�z�

�2

�0
2

+ irj� j	��z�� . �25�

Similarly A��z� and 	��z� denote the amplitude and the
phase of the mutual spectral density, respectively; Rj�z� is the
beam width and qj�z� is the effective coherence radius for
frequency �0 with the following relation: 1 /qj

2�z�=1/raj
2 �z�

+1/4Rj
2�z� �here raj�z� is the coherence radius for frequency

FIG. 2. Complex coherence factor ���x ,0� of a stationary non-
local white-light soliton for different degrees of nonlocality at three
representative frequencies: �min=2.69�1015 Hz �dotted line�, �0

=3.44�1015 Hz �solid line�, �max=4.19�1015 Hz �dashed line�.
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�0 during the propagation process�. Inserting the expression
�25� into Eq. �6�, we obtain a set of ordinary differential
equations for the parameters of the mutual spectral density,
which is as same as Eqs. �10�–�12� except that Eq. �13�
should change into

1

k�

d	��z�
dz

=
1

k�0

2

1

qj
2�z�Rj

2�z�
−

	�
2 �z�
k�

2 −
n2

n0

1

Rj
2�z� + �2 .

�26�

If we let qj�z�= �c /�0
�n0n2��1+�2 /Rj

2�0� and 	��z�=0, Eq.
�26� gives the existence of a white-light soliton in a nonlocal
medium �see Eq. �17��. Combining Eq. �11� and �26�, we
obtain the evolution equation of the incoherent beam,

d2Rj�z�
dz2 −

1

k�0

2

Rj
2�0�

Rj
3�z�qj

2�0�
+

n2

n0

Rj�z�
Rj

2�z� + �2 = 0. �27�

We can use the previous method �13� to analyze the propa-
gation properties of the nonlocal white-light soliton. Here we
utilize the form of Newton’s equation and Jacobian elliptical
function �7� to discuss the evolution properties of the beam.
Assuming that �dRj�z� /dz�z=0=0, and integrating Eq. �27�
once, we can obtain Newton’s equation

�dRj�z�
dz

�2

+ P„Rj�z�… = 0 �28�

for an effective particle moving in the potential P�Rj�z��,
which is given by

P„Rj�z�… =
1

k�0

2 qj
2�0�

�Rj
2�0�

Rj
2�z�

− 1� +
n2

n0
ln� Rj

2�z� + �2

Rj
2�0� + �2� .

�29�

The asymmetric potential of an incoherent white-light beam
is illustrated in Fig. 3 for different degrees of nonlocality �.
As nonlocality increases the width of the potential also in-
creases while its minimum decreases. This result may be
close to the potential of a partially coherent beam in a self-
focusing medium �39�.

A stationary nonlocal white-light soliton �corresponding
to the effective particle being located at the bottom of the
potential well� can be obtained by ��P(Rj�z�) /
�Rj�z��Rj�z�=Rj�0�=0,

� =
n2

n0

2Rj
2�0�

Rj
2�0� + �2 −

2

k�0

2 qj
2�0�

= 0 �30�

where � is the detuning �7� and denotes the relation between
the initial coherence properties of incident beam and the
properties of the medium �nonlinearity, nonlocality�. Com-
bining Eqs. �8� and �30�, we find the expression for the ra-
dius of the stationary nonlocal white light soliton

Rj
2�0� =

R̃j
2�0�
2 �1 +

4�2

raj
2 �0�

+��1 +
4�2

raj
2 �0��

2

+
4�2

R̃j
2�0�

�
�31�

where R̃j
2�0� is the expression for the radius of the white-light

soliton in a local medium which can be obtained from Eq.
�30� for �=0:

R̃j
2�0� = Rj

2�0��� = 0� =
1

4�n2k�0

2 /n0 − 1/raj
2 �0��

. �32�

In Fig. 4 we plot the normalized radius of nonlocal white-
light soliton versus the degree of nonlocality � for different

FIG. 3. Potential P(Rj�z�) in a focusing nonlinear medium for
different degrees of nonlocality. The initial parameters are n2

=0.0003, n0=2.3, Rj�0�=10 �m, �0=3.44�1015 Hz, and qj�0�
=3.16 �m.

FIG. 4. Normalized soliton width as a function of the degree of
nonlocality for different coherence radius. The initial parameters are
n2=0.0003, n0=2.3, and �0=3.44�1015 Hz.
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coherence radius raj�0�. It is clearly shows that the soliton
radius increase with nonlocality and becomes proportional to
� in highly nonlocal regime. We can see that when
� /raj�0��1

Rj�0� = 2R̃j�0�
�

raj�0�
. �33�

Because the degree of the nonlocality is an inherent property
of the medium we can vary the coherence properties of an
incident beam to control the soliton radius.

In Fig. 5 we plot the soliton radius versus the coherence
radius raj�0� for different nonlocality �. It shows that the
soliton radius increases as incoherence and nonlocality in-
crease. Furthermore, at every given nonlocality �, there ex-
ists the same threshold value for the coherence radius, below
which the nonlocal white-light soliton cannot exist.

It is well known that for incoherent solitons in local media
�6,7,46,47� and partially incoherent solitons in nonlocal me-
dia �39� there also exists a threshold. As to the nonlocal
white-light soliton, the threshold value is determined by the
strength of nonlinearily n2, the linear part of the refractive
index n0, the frequency �0, and the coherence radius of the
beam, through

n2k�0

2

n0
−

1

raj
2 �0�

� 0. �34�

We can see that this threshold value does not depend on the
beam radius and the degree of the nonlocality. The reason
has been illustrated by Krolikowski �39�. Physically, the for-
mation of a nonlocal white-light soliton is a result of the
interplay of nonlinearity, coherence, diffraction, and nonlo-
cality, and the threshold value is the least condition for a
white-light soliton to exist.

When initial conditions are different from the soliton so-
lution, i.e., for nonzero detuning ��0, the incoherent white-
light beam will undergo periodic oscillations. To obtain the
evolution behaviors of the unstable incoherent soliton, we
can numerically integrate Eq. �28� directly. In a special con-
dition in the limit of small detuning, we can find an approxi-
mate analytical solution for the oscillations �7�. Here we dis-
cuss the evolution behaviors of the nonlocal white-light
soliton by both approximate analytical solution and numeri-
cal simulation. First, we concentrate on the approximate ana-
lytical solution. For ����1, the beam radius Rj�z� will re-
main close to the initial value Rj�0�, and we expand the
potential P(Rj�z�) around Rj�z�=Rj�0�. To third order
P(Rj�z�)� P3(Rj�z�), where P3(Rj�z�) is given by

P3„Rj�z�… = �� + �1j�
2 + �2j�

3. �35�

Here �=Rj�z� /Rj�0�−1 is the variation of the normalized ra-
dius for the beam, and

�1j =
3

k�0

2 qj
2�0�

+
n2

n0

��2 − Rj
2�0��Rj

2�0�
��2 + Rj

2�0��2 , �36�

�2j =
− 4

k�0

2 qj
2�0�

+
n2

3n0

2Rj
6�0� − 6Rj

4�0��2

��2 + Rj
2�0��3 . �37�

Inserting Eq. �35� into Eq. �28� and integrating, we can
obtain the solution of the beam radius in terms of the Jaco-
bian elliptical sn function �7�

Rj�z� = Rj�0��1 + � j−sn2��� j+�2j

2Rj�0�
z,mj�	, mj = �� j−

� j+
� .

�38�

It shows that the beamwidth will periodically oscillate during
the propagation process. Here � j± are the solutions of the
equation �2j�

2+�1j�+�=0. In the limit ���1�, we obtain
that

� j− = −
n0�

n2

��2 + Rj
2�0��2

4Rj
2�0��2 + 2Rj

4�0�
, �39�

� j+ =
3�2�2 + Rj

2�0����2 + Rj
2�0��

5Rj
4�0� + 15Rj

2�0��2 + 6�4 . �40�

According to �sn��1, the maximal value of the beam width
variety is

Rjmax�z� − Rj�0� = Rj�0�� j− = −
n0�

n2

��2 + Rj
2�0��2

4Rj�0��2 + 2Rj
3�0�

.

�41�

So the beamwidth variation depends on the sign of �. For
positive detuning, the beamwidth decrease initially; it will
oscillate between Rj�0� and a somewhat lower value. For
negative detuning, the beamwidth increases initially; it will
oscillate between Rj�0� and a somewhat larger value �7�. In
Figs. 6 and 7 we plot periodic evolution of the beamwidth
versus the propagation distance for negative � and positive
� with different � by both the approximate analytical solu-

FIG. 5. Soliton width as a function of the coherence radius for
different degree of the nonlocality. The initial parameters are n2

=0.0003, n0=2.3, and �0=3.44�1015 Hz.
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tion and numerical simulation. The approximate analytical
solution is obtained from Eq. �38� with realistic parameters.
For numerical simulation, we use the fourth-order Runge-
Kutta method to integrate Eq. �28� directly. From these two
figures we can see that the approximate analytical solution is
in good agreement with the numerical result under the con-
dition of small amplitude oscillation.

It is indeed the case that the approximate analytical solu-
tion is effective in studying the oscillation behaviors of the
soliton as well as the numerical result. From Fig. 6 we can

see that for negative detuning, the initial expansion effect for
the beam induced by the incoherent and the nonlocality is
stronger than the self-trapping effect induced by the nonlin-
earity; the beam will oscillate periodically with propagation
distance between Rj�0� and somewhat larger values. From
Fig. 6 we can see, for a particular degree of the nonlocality,
that the beamwidth will increase at first and decrease when it
reaches the maximum. This is because the coherence prop-
erties of the beam will enhance with the increase of the beam
width; when beamwidth reaches the maximum, the self-
trapping effect will be stronger than the expansion effect, and
the beamwidth will decrease. We also find that for negative
detuning, the amplitude and the period of the beam oscilla-
tion will drastically increased for a high degree of nonlocal-
ity. The maximum of the beamwidth is also increased for
high degree of nonlocality. This is because higher degrees of
the nonlocality will enhance the absolute value of the detun-
ing �see Eq. �30��, so the amplitude and period of the oscil-
lation will increase synchronously so that the nonlocality
will effectively lead to a decrease of the strength of focusing
of the beam.

Figure 7 illustrates the periodical evolution of the beam
width for positive � with different �. From Fig. 7 we can see
that for positive detuning, the self-trapping effect induced by
the nonlinearity is stronger than the initial expansion effect
induced by the incoherent and the nonlocality, the beam will
oscillate periodically with propagation distance between
Rj�0� and somewhat smaller values. From Fig. 7 we can see:
for a particular degree of the nonlocality, the beamwidth will
decrease at first and then increase after it reaches the mini-
mum. This is because the coherence properties of the beam
will decrease with the decrease of the beamwidth; when the
beamwidth reaches the minimum, the self-trapping effect
will be weaker than the expansion effect, and the beamwidth
will increase again. But the oscillation behaviors of the posi-
tive detaning are quite different from those for negative de-
tuning when the degree of the nonlocality increases. We find
that for positive detuning, the amplitude and the period of the
beam oscillation will drastically decrease for a high degree
of nonlocality. But the minimum of the beamwidth increases
for a higher degree of the nonlocality. This is because higher
degrees of the nonlocality will reduce the value of the detun-
ing for positive detuning �also see Eq. �30��, so the amplitude
and period of the oscillation will decrease synchronously. In
essence, the effect of the nonlocality is the same for both
negative and positive detuning; the nonlocality leads to a
decrease of the strength of focusing and subsequently to a
weaker localization of the beam.

The coherence properties of the beam are determined by
the complex coherence factor; combining Eqs. �22� and �25�,
we obtain the spatial coherence distance �45� along the x axis
at a special propagation distance z,

dx = �1/��
−�

+�

����x1,x2,z��2dx2

=
2qx�0�Rx�0�

�4Rx
2�0��2/�0

2 − qx
2�0�

��1 + �x−sn2���x+�2x

2Rx�0�
z,mx�	 . �42�

FIG. 6. Comparison of analytical and numerical results of soli-
ton width oscillation for negative detuning at three representative
degrees of the nonlocality: �=0, 3.3�10−6, and 5�10−6. The
solid lines represent analytical solutions and the dashed lines repre-
sent numerical results. The initial parameters are n2=0.0003, n0

=3, Rj�0�=10 �m, �0=3.44�1015 Hz, and qj�0�=2.6 �m.

FIG. 7. Comparison of analytical and numerical results of soli-
ton width oscillation for positive detuning at three representative
degrees of the nonlocality: �=0,�=3.3�10−6 and 5�10−6. The
solid lines represent analytical solutions and the dashed lines repre-
sent numerical results. The initial parameters are n2=0.0006,n0

=3, Rj�0�=10 �m,�0=3.44�1015 Hz, and qj�0�=2.9 �m.
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As for the beamwidth, the coherence distance also oscillates
with the propagation distance. Figures 8 and 9 illustrated the
evolution of coherence radius at three representative frequen-
cies for both negative and positive detuning. As in the above
discussion, we only consider the approximate analytical so-
lution here because it is in good agreement with the numeri-
cal result.

It is straightforward that the oscillation periods of the spa-
tial coherence distance for every frequency are the same as
the oscillation period of the beamwidth for a special degree

of the nonlocality; the coherence distance will increase ini-
tially and then decrease for negative detuning while for posi-
tive detuning the coherence distance will decrease first and
then decrease; the spatial coherence distance is larger for
lower frequencies and smaller for higher frequencies for a
specific degree of the nonlocality and independent of the sign
of the detuning. But with the increase of the nonlocality, the
amplitude and the period of the coherence distance for every
frequency are enhanced for negative detuning and reduced
for positive detuning, entirely like the oscillation behaviors
of the beamwidth. It is true that when the beamwidth in-
creases �decreases�, the coherence distance increases �de-
creases�, and the incohence properties will be weakened
�strengthened�.

When z=0 then �sn�=0,

dx =
1

��2/qx
2�0��0

2 − 1/4Rx
2�0�

. �43�

If qx�0�= �c /�0
�n0n2��1+�2 /Rx

2�0�, the expression is equal
to Eq. �17�, which represents a stationary nonlocal white-
light soliton.

The intensity of the white-light beam �only considering
the x direction� is obtained from Eq. �25� during the propa-
gation process through

I�x,z� =
I0Rx

2�0�
Rx

2�z�
exp�−

x2

2Rx
2�z�� �44�

where I0 is the peak intensity of the incident beam. Figures
10 and 11 illustrate how the normalized peak intensity�at x
=0� evolves with the propagation distance for negative and
positive detuning, respectively.

These two figures show that the oscillation periods of the
peak intensity of the beam are the same as the oscillation
period of the beamwidth for a special degree of the nonlo-
cality; the peak intensity of the beam will decrease initially

FIG. 8. Spatial coherence distance of a nonstationary nonlocal
white-light soliton as a function of propagation distance for nega-
tive detuning at three representative frequencies �min=2.69
�1015, �0=3.44�1015, �max=4.19�1015 Hz. The solid lines
represent �=0 and the dashed lines represent �=5�10−6. The ini-
tial parameters are the same as in Fig. 6.

FIG. 9. Spatial coherence distance of a nonstationary nonlocal
white-light soliton as a function of propagation distance for positive
detuning at three representative frequencies �min=2.69�1015, �0

=3.44�1015, �max=4.19�1015 Hz. The solid lines represent �
=0 and the dashed lines represent �=5�10−6. The initial param-
eters are the same as the Fig. 7.

FIG. 10. The peak intensity of a nonstationary nonlocal white-
light soliton as a function of propagation distance for negative de-
tuning at three degrees of nonlocality �=0 �solid line�, 3.3�10−6

�dotted line�, and 5�10−6 �dashed line�. The initial parameters are
the same as in Fig. 6.
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and then increase for negative detuning while for positive
detuning the peak intensity will increase initially and then
decrease; with the increase of the nonlocality, the amplitude
and the period of the peak intensity are enhanced for nega-
tive detuning and reduced for positive detuning, which is
entirely similar to the oscillation behaviors of the beam-
width. This is because when the beamwidth increases �de-
creases�, the density of the beam will decrease �increase�
correspondingly; then the peak intensity of the beam will
decrease �increase� synchronously.

In fact the intensity profile is slightly wider at lower fre-
quencies and narrower with a higher peak at higher frequen-
cies after some propagation distance for identical I��x ,z
=0� of the input beam �12�. Here we only concentrate on the

oscillation behaviors of the total peak intensity of the beam.
In essence, the white-light soliton is a fully collective effect;
all frequencies within the temporal spectrum participate in
the formation of the soliton, and self-adjust their respective
contributions �11,15�. Physically, all the temporal frequency
constituents of the beam propagate in the same self-induced
multimode waveguide and have different contributions in the
formation of the soliton. The shorter wavelengths �higher
frequencies� contribute more to the formation of the soliton
than the longer wavelengths do �12,15�.

IV. CONCLUSIONS

In summary, we have investigated the propagation prop-
erties of white-light solitons in spatially nonlocal nonlinear
media with a logarithmic type of nonlinearity. We analyti-
cally demonstrate the evolution of white-light solitons in
nonlocal media. This incoherent soliton has an elliptic
Gaussian intensity profile and elliptic Gaussian spatial corre-
lation statistics. The existence curve of the soliton connects
the strength of the nonlinearity, the spatial correlation dis-
tance, the characteristic width of the soliton, and the degree
of the nonlocality. When the soliton undergoes periodic os-
cillations, we discuss the evolution behaviors of the nonlocal
white-light soliton by both an approximate analytical solu-
tion and a numerical simulation.
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